Abstract. In a ring A an ideal I is called (principally) nilary if for any two (principal) ideals V, W in A with V W ⊆ I, then either V n ⊆ I or W m ⊆ I, for some positive integers m and n depending on V and W ; a ring A is called (principally) nilary if the zero ideal is a (principally) nilary ideal [?]. Let G be a group and A be a ring with unity. It is natural to ask when the group ring A[G] is a (principally) nilary ring. We proved that, if A[G] is a (principally) nilary ring, then the ring A is a (principally) nilary ring; also, we proved that if A[G] is a (principally) nilary ring and G is a torsion group, then A is a (principally)
Introduction
Throughout this paper all rings are associative with unity and 1 = 0 unless indicated otherwise, but it is not necessarily commutative. Also we will consider all groups are non-trivial unless indicated otherwise.
If A is a ring and G is a group, A[G] will denote the group ring of G over A. A typical element of A[G] is a finite formal sum α = g∈G a g g, a g ∈ A.
The elements of A commute with those of G, addition and multiplication are defined in A [G] in the obvious way, making A[G] a ring; A is a subring of A [G] under the identification a = a·1. Consider the function ε : A[G] → A defined by ε(Σ g∈G a g g) = Σ g∈G a g . This function is called the augmentation map, ε is a ring homomorphism that maps A[G] onto A. Ker(ε) = {α = Σ g∈G a g g ∈ A[G] | ε(α) = Σ g∈G a g = 0}. Ker(ε) is non-empty and non-trivial. Ker(ε) is an ideal called the augmentation (fundamental) ideal of A [G] and is denoted by ∆ A (G). The ideal ∆ A (G) consists of the elements of the form a 1 (1 − g 1 ) + · · · + a k (1 − g k ) with each a i ∈ A, each g i ∈ G, and k a positive integer. From the above it is clear that A[G]/∆ A (G) ∼ = A. Let H be a normal subgroup of G. Then the natural homomorphism G → G/H mapping g to gH induces a ring homomorphism ε H :
for the kernel of this homomorphism. The ideal ∆ A (G, H) consists of the elements of the form
). In particular, if H = G, then ε = ε G , and we write ∆ A (G) = ∆ A (G, G). For a nonempty subset I of A, we have I is a right ideal of A if and only if
We use o(G) denote the set of orders of all finite subgroups in G; ν(G) denote the set of orders of all finite normal subgroups; Z(G) to denote the center of a group G; ρ(G) be the set of g ∈ G which have only a finite number of conjugates; σ(G) denote the set of g ∈ ρ(G) of finite order; groups with σ(G) = G are called locally normal, an equivalent definition being every finite subset is contained in a finite normal subgroup; a group G is called locally finite if every finitely generated subgroup of G is finite; C n for the cyclic group of order n (n ≥ 1); in particular, C ∞ for the infinite cyclic group; the subgroup g is called the cyclic subgroup of G generated by g; a group G is called a p-group if the order of each element of G is a power of p; |G| to denote the order of G; the order of an element g is denoted by o(g); G is called a torsion group if, for every g ∈ G there exists a non-zero n ∈ N with o(g) = n; the torsion part of G is defined as
k for some non-zero k ∈ N}; G to be prime if it satisfies either one of the following two conditions: We use N, Z, and Z n (n > 1) denote that the set of positive integers, the ring of integers, and the ring of integers modulo n, respectively; I A mean that I is an ideal (a two-sided); I ess A denote that I is an essential ideal of A, that is, I ∩ J = 0 for any 0 = J A; for a subset X of a ring A, we use X denote the ideal of A generated by X of A generated by X. Also we use P (A), J(A), U (A), gcd(a, b), char(A), m | n, and Cen(A) be the prime radical, the Jacobson radical ideal of a ring A, the set of units of A, the greatest common divisor of a, b ∈ A, the characteristic of A, m divides n, and the central of A, respectively. The left (right) annihilator of the subset X of the ring A is denoted by ℓ A (X) = {a ∈ A | aX = 0} ( r A (X) = {a ∈ A | Xa = 0} ). A ring is locally nilpotent if every finitely generated subring is nilpotent. Recall from [?] that an idempotent e of a ring A is said to be left semicentral if ae = eae for every a ∈ A. Thus an idempotent e is left semicentral if and only if eA is an ideal. A right semicentral idempotent is defined similarly. We use S ℓ (A) and S r (A) to denote the set of left semicentral idempotents and that of right semicentral idempotents of A, respectively. A ring A is said to be semicentral reduced if S ℓ (A) = {0, 1}. Since e is left semicentral if and only if 1 − e is right semicentral, being semicentral reduced is leftright symmetric. Thus A is semicentral reduced if and only if S r (A) = {0, 1}.
In [?] , it was shown that, A[G] is a prime ring if and only if A is a prime ring and G contains no finite normal non-trivial subgroup, and if J is a prime ideal of A[G], then J ∩ A is a prime ideal of A, various results similar to those are proved there. Here, our main goal is to find the necessary and sufficient conditions on a group G and a ring A, so that the group ring A[G] is a (principally) nilary ring.
Preliminaries
Definition 1.1. [?, Definition 1.1] Let A be a ring and I A.
(i) The ideal I is called a (principally) right primary ideal if whenever J and K are (principal) ideals of A with JK ⊆ I , then either J ⊆ I or K n ⊆ I for some positive integer n depending on J and K.
(ii) The ideal I is called a (principally) nilary ideal if whenever J and K are (principal) ideals of A with JK ⊆ I, then either J m ⊆ I or K n ⊆ I for some positive integers m and n depending on J and K. (iii) A is said to be a (principally) right primary ring or (principal) nilary ring if the zero ideal is a (principal) right primary or a (principal) nilary ideal of A, respectively. (iv) Let √ I = {V A | V n ⊆ I for some positive integer n} and √ I is called the pseudo radical of I.
We use "p-" as an abbreviation for principally. In parts (i) and (iii), above, the left-sided version is defined analogously. Let 
In the latter case 
The Main Results
This section is devoted to obtain several results related to nilary group rings. The results of Connell, in [?] , which related with prime rings are generalized to the class of nilary rings.
Theorem 2.1. Let A be a ring and H be a subgroup of G with H ⊆ Z(G). Corollary 2.5. Let A be a ring and H be a subgroup of G with
If J is a nilary ideal of A[G], then J ∩ A[H] is a nilary ideal of A[H].

Remark 2.2. (See [?, p. 665-666].) Let B be a subring of A and R
Corollary 2.6. Let A be a ring and H be a subgroup of G with H ⊆ Z(G).
(i) If A[G] is a nilary ring, then A[H] is a nilary ring. (ii) If A[G] is a p-nilary ring, then A[H] is a p-nilary ring.
Corollary 2.7. Let A be a ring and G be a group.
Corollary 2.8. Let A be a ring and let G be a group. Corollary 2.10. Let A be a ring and let G be a group.
Corollary 2.11. Let A be a ring and G be a group. Then A is a (p-)nilary ring if and only if ∆ A (G) is a (p-)nilary ideal.
Proposition 2.12. Let A be a ring and I A. Then A is a (p-)nilary ring if and only if I is a (sum) nilpotent (p-)nilary ideal of A.
Proposition 2.13. Let A be a ring. If A is a (p-)nilary ring then char(A) = 0 or char(A) = p β for some positive integer β, and p is prime.
Example 2.14. Let A = Z 6 , char(A) = 6 = p β for all β ∈ N and for all prime p, thus A is not (p-)nilary.
Corollary 2.15. Let A be a ring. If A is a (p-)nilary ring and n is nilpotent in A for some n ∈ N, then char(A) = p β Corollary 2.16. Let A be a ring and G be a group. If A is a (p-)nilary ring and n is nilpotent in A for some n ∈ o(G), then there is p | gcd(char(A), n) is nilpotent in A.
Example 2.17.
Proposition 2.18. The following conditions are equivalent: (i) A is a (p-)nilary ring; (ii) let I, J are (principal) right ideals of A with IJ = 0, then I or J is nilpotent; (iii) let I, J are (principal) left ideals of A with IJ = 0, then I or J is nilpotent.
Theorem 2.19. Let A be a ring and G be a group.
Theorem 2.20. Let A be a ring and G be a group. Assume that H is a finite subgroup of G.
Corollary 2.21. Let A be a ring and G be a torsion group.
Proposition 2.22. Let A be a ring and G be a group.
Theorem 2.23. Let A be a ring and G be an abelian torsion group. A is p-nilary, G is a p-group, and p is nilpotent in A iff A[G] is p-nilary.
Corollary 2.24. Let A be a ring and G be a locally finite group. A is p-nilary, G is a p-group, and p is nilpotent in A iff A[G] is p-nilary.
Corollary 2.25. Let A be a ring and G be a finite group. A is (p-)nilary, G is a p-group, and p is nilpotent in
Example 2.26. Let G = C 6 , and A = Z 3 , notice that A is prime, and nilary, and |G| = 6 which is nilpotent in A. Now we find that A[G] is not nilary, indeed, consider g = x 3 ∈ C 6 = x . Thus o(g) = 2 is a unit in A = Z 3 . Then e = 2(1 + g) is idempotent, and (1 − e) is also. Now Theorem 2.31. Let A be a ring and G be a locally normal group. A is a p-nilary ring and G is a p-group and p is nilpotent in A iff A[G] is a p-nilary ring.
Proposition 2.32. Let A be a ring and G be a group. Assume that n is nilpotent in A for some n ∈ o(G). If A is a (p-)nilary ring, then: (i) there is H is a subgroup of G such that A[H] is a (p-)nilary ring; (ii) for each finite subgroup K of G with gcd(|K|, |H|) = 1, then |K| −1 ∈ A.
Corollary 2.33. Let A be a ring and G be a finite group. Assume that |G| is nilpotent in A. If A is a (p-)nilary ring, then: (i) there is H is a Sylow p-subgroup of G such that A[H] is a (p-)nilary ring; (ii) for each finite subgroup K of G with gcd(|K|, |H|) = 1, then |K| −1 ∈ A.
Example 2.34. Let A = Z 4 , G = C 6 = x = {1, x, x 2 , x 3 , x 4 , x 5 }, and B = Z 2 . Note that I = 2 A ( 2 = 2Z 4 ) is nilpotent. Now, we have A/I ∼ = B, but B is a prime ring, hence it is a (p-)nilary ring, thus A/I is a (p-)nilary ring, hence A is a (p-)nilary ring because I is nilpotent and by [?, Proposition 1.6(iii)]. Let K = {1, x 2 , x 4 }, e =Ĥ |H| and hence e 2 = e ∈ A [K] . Note that |G| is nilpotent in A ( 
